Introduction
In the branches of both differential geometry and graph theory, Cheeger constant plays a central role in the study of eigenvalues of Laplacians (cf. [3, 4, 10] for differential geometry, and [1, 5, 6, 10, 11] for graph theory). In this paper, we give a new aspect of Cheeger constant of graphs, that is, we shall give some relations between Cheeger constant and some connectivity of finite graphs. This observation for digraphs has firstly come from the study of mean curvature functions of codimension-one foliations by the author (see [7, 9] ).
In this paper, we consider only finite graphs and digraphs, which may admit loops and multiple edges (in the case of graphs) or parallel arcs (in the case of digraphs). If a graph (resp. digraph) does not admit neither loops nor multiple edges (resp. parallel arcs), we call the graph simple (resp. strict) (see [2] for the generalities on graphs).
Let G ¼ ðV; EÞ be a graph with jGj ¼ n vertices. Cheeger constant chðGÞ of the graph G is defined by Define also the difference degree ðvÞ by
Remember that a digraph D is said to be strongly connected if, for every u and v 2 VðDÞ (u 6 ¼ v), there is a directed path from u to v. Note that, in Theorem 1, the equality does not imply the strong connectedness of D as we shall see in Sect. 3. Now turn to simple graphs, we have Theorem 2. Let G ¼ ðV; EÞ be a simple graph with the vertex-connectivity ðGÞ and the edge-connectivity ðGÞ, then 2ðGÞ jGj 2ðGÞ jGj chðGÞ ðGÞ ðGÞ:
Note that the estimates of these results are optimal as we shall see in Sect. 3. We prove these results in Sect. 2, and give some examples in Sect. 3.
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Proofs
. Let D be a non strongly connected digraph. Then, there are u and v 2 VðDÞ so that there is no directed path from u to v. Set W ¼ fw 2 VðDÞ : there is a directed path from u to wg. It is easy to see that D½W, the subdigraph of D generated by the vertices W, is a ðÀÞ-subgraph. Thus we have the following (cf. [8] Taking the infimum for Y with jYj jGj=2, we have the desired inequality. This completes the proof of Theorem 2. Ã Remark. Theorem 2 does not hold for multigraphs as we shall see in the next section. But, concerning only the edgeconnectivity, Theorem 2 holds for multigraphs, that is 2ðGÞ jGj chðGÞ ðGÞ:
In fact, the first inequality follows directly from the proof of the theorem. The second one is checked as follows: let X be a disconnecting set of edges of G with jXj ¼ ðGÞ. Then, taking one of the connected components of G À X, say Y with jYj jGj=2, we have @Y & X. Thus, it follows that chðGÞ j@Yj jYj jXj jYj jXj ¼ ðGÞ:
Examples
In this setion, we give some examples. Firstly, recall some standard graphs. K n is the complete graph with n vertices, and N n is the null graph with n vertices and no edges, that is, N n ¼ K n . C n is a cycle of length n. K Ã n is the strict digraph obtained from K n by replacing each edge uv 2 EðK n Þ by two arcs ðu; vÞ and ðv; uÞ 2 AðK Ã n Þ. Example 1. We give some examples of non strongly connected digraphs D with maxfjðvÞj : v 2 VðDÞg ¼ chðDÞ.
The simplest one is the following: VðDÞ ¼ fa; b; cg, and AðDÞ ¼ fn copies of arc ða; bÞ; n copies of arc ðb; cÞg. Obviously maxfjðvÞj : v 2 VðDÞg ¼ chðDÞ ¼ n.
Next give some examples of strict digraphs. As Cheeger constant is 0 if the digraph is not connected, the disjoint sum Example 2. We give examples of simple graphs with chðGÞ ¼ 2ðGÞ=jGj ¼ 2ðGÞ=jGj, where ðGÞ being the vertexconnectivity of G and ðGÞ being the edge-connectivity of G. Thus, the former half estimates in Theorem 2 are optimal.
Let k ! 2 be any integer, and set G ¼ C 2k . Then, as ðGÞ ¼ 2 ¼ ðGÞ, jGj ¼ 2k and chðGÞ ¼ 2=k, we easily get chðGÞ ¼ 2ðGÞ=jGj ¼ 2ðGÞ=jGj.
Example 2'. We give examples of simple graphs with chðGÞ ¼ ðGÞ ¼ ðGÞ. Thus, the latter half estimates in Theorem 2 are also optimal.
Let K k be the complete graph and N l be the null graph. If l ! k ! 2, then it is easy to see that the join G ¼ K k Ã N l of K k and N l satisfies the equality chðGÞ ¼ ¼ ¼ k.
Example 3.
We give an example of a multigraph which does not satisfy the conclusion of Theorem 2.
Let G be a graph with 3 vertices fa; b; cg and 6 multiple edges fab; ab; ab; bc; bc; bcg. It is easy to see that chðGÞ ¼ 3 and b is a cut vertex, thus ðGÞ ¼ 1 < chðGÞ ¼ 3.
